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ABSTRACT: Symbolic nuclear magnetic resonance (NMR) product operator
calculations provide an analytic, intuitive, yet precise description of the time evolution
of the density operator during an NMR experiment. NMR experiments are implemented
as pulse sequences consisting of short radiofrequency pulses separated by delay periods
during which the spin system evolves under the influence of the static external
magnetic field and spin–spin interactions. The quantum mechanical calculations to
follow the time evolution of the density operator can be decomposed into the repeated
application of a set of simple rules, known as the product operator formalism, that
naturally lend themselves to symbolic computation. This article describes a complete
implementation of the NMR Product Operator formalism in MAthematica (POMA),
which has greatly simplified the development of many NMR pulse sequences, and
provided insight into their functioning. © 2005 Wiley Periodicals, Inc. Int J Quantum Chem
106: 344–350, 2006
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Introduction

N uclear magnetic resonance (NMR) spectros-
copy [1] has become a very important tech-

nique in structural molecular biology because of its
unique ability to determine the three-dimensional
structures of proteins and other biological macro-
molecules in solution [2]. Knowledge of the three-
dimensional structures of proteins and nucleic ac-
ids has greatly improved our insight into biological
processes and macromolecular structure–function

relationships. Apart from structural data, NMR also
provides information about the dynamics of pro-
teins. The combined access to structure and dynam-
ics renders NMR a powerful tool for the analysis of
dynamic events, such as folding transitions in pro-
teins, which are of major importance for biological
function.

NMR experiments in solution are generally im-
plemented as pulse sequences [1, 3]. The sample is
placed in a strong, static magnetic field of up to �22
tesla (T), produced by a superconducting magnet.
Starting from thermal equilibrium, short “radiofre-
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quency” pulses are applied that rotate the magne-
tization created by the nuclear spins. In the evolu-
tion periods between pulses, the spins precess
under the influence of the static magnetic field and
spin–spin (and other) interactions. Finally, the ra-
diofrequency signal emitted by the spins (the “free
induction decay”) is detected as a function of time.
Fourier transformation of the free induction decay
yields the frequency domain NMR spectrum. Much
of the power of the NMR technique results from the
possibility to introduce additional time dimensions
into the experiments. This is achieved by repeated
application of the same pulse sequence in which
only the duration of one or several evolution peri-
ods before the free induction decay are incremented
systematically in order to obtain a signal as a func-
tion of several, in practice 2–4, time coordinates,
from which a multidimensional NMR spectrum is
computed by Fourier transformation. Multidimen-
sional spectra can separate signals that would over-
lap in a one-dimensional spectrum, and therefore
allow the simultaneous, individual interpretation of
signals from a large number of spins in the macro-
molecule.

An essentially unlimited number of different
pulse sequences that select specific interactions can
be conceived in order to analyze particular aspects
of the spin system and the underlying molecule.
The design and optimization of pulse sequences are
central to methodological NMR research [3–6]. Be-
cause of the weak magnetic moment of the nuclear
spins, NMR is a relatively insensitive technique.
The requirement to measure at least one free induc-
tion decay for each time increment of the preceding
evolution period(s) results in long measurement
times for multidimensional NMR experiments. This
rules out pulse sequence development purely by
trial and error and calls for simulation methods that
can predict the outcome of an NMR experiment.

A variety of simulation methods have been pro-
posed [7–21] that differ widely in their approach
between analytic and numerical simulations, their
scope with regard to the interactions and types of
experiments covered, their implementation, and
their presentation of the results. A rigorous theo-
retical approach that can provide proof of the opti-
mality of a pulse sequence under given conditions
has been presented [22] that has recently been ex-
tended in order to find constructively the optimal
pulse sequence [23].

This study concentrates on a symbolic comput-
ing approach for the analytical calculation of the

time evolution of the idealized density operator in a
pulsed NMR experiment, neglecting relaxation and
strong spin–spin coupling.

Product Operator Formalism

The time evolution of the density operator [24]
(� � 1),

��t � �� � e�iH���t�eiH�, (1)

in a pulsed NMR experiment can be calculated
analytically for weakly coupled spin systems by
expressing the Hamiltonian H and the density op-
erator � in the basis of Cartesian product operators
[1, 25]. The Hamilton operator Hf for the precession
of the spins in the static magnetic field, parallel to
the z-axis, under the influence of chemical shifts, �k,
and weak scalar couplings, Jkl, is given by

Hf � �
k

�kIkz � �
k�l

2�JklIkzIlz. (2)

Ikx, Iky, Ikz denote the x, y, z spin operators for spin
k � 1, 2, . . . . The Hamilton operator Hp for a short
radiofrequency pulse of (infinitesimally short) du-
ration �, rotation angle �, and phase angle � is
given by

Hp �
�

�
�

k

�Ikx cos � � Iky sin ��. (3)

The individual terms of Hf commute with each
other. The individual terms of Hp commute with
each other, too, but not Hf with Hp. This observation
reduces density operator calculations of Eq. (1) to
the repeated application of simple rules that de-
scribe the time evolution of the density operator
under the influence of individual terms of the Ham-
iltonians Hf and Hp. The rules of this product oper-
ator formalism [1, 25] are summarized in Figures 1
and 2 and can be derived in a straightforward way
from Eq. (1) and the rules for spin-1/2 operators
[24] if relaxation is neglected and infinitesimally
short pulse lengths are assumed.

The product operator formalism combines a rig-
orous quantum mechanical treatment with an intu-
itive classical description, and was the basis for the
development of a wide variety of NMR experi-
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ments [3–6]. The time evolution of the density op-
erator can, of course, be calculated numerically, but
this obscures the intuitive analytical meaning of the
result. Symbolic calculation, however, gives the an-
alytical result that can provide a gifted spectrosco-
pist with understanding and inspiration for the de-
velopment of new experiments.

All calculations within the product operator
formalism proceed by repeated application of the
small number of rules of Figures 1 and 2, which
describe the time evolution of individual product
operators under chemical shifts, scalar couplings,
and radiofrequency pulses. Although these calcula-
tions are straightforward, the large number of
terms that arise can make them tedious, and com-
puter support is highly desirable.

POMA

The Product Operator formalism in MAth-
ematica (POMA) software is a complete, highly
flexible Mathematica [26] implementation of the
product operator formalism for spin-1/2 nuclei,
which provides analytical results for the time evo-
lution of weakly coupled spin systems under the
influence of free precession, selective and nonselec-
tive pulses, phase cycling, and pulsed field gradi-
ents (Fig. 3). The complexity of the problems that
can be treated is in practice only limited by the
available computer time and memory. The com-
plete Mathematica code of POMA is available from
http://guentert.gsc.riken.jp/. It is apparent that
Mathematica offers a particularly concise and ele-
gant way to express the transformation rules of the
product operator formalism. If desired, the results
of the calculations can be further processed using

FIGURE 1. Product operator formalism rules for Car-
tesian spin-1/2 operators [1, 25]. Spin operators for
which no rule is given are not affected by a given inter-
action. In the case of spin–spin couplings, the rules for
products of two spins take precedence over those for
one spin.

FIGURE 2. Product operator formalism rules for spin-
1/2 raising/lowering operators, I 	 � Ix 	 iIy [1, 25].
Spin operators for which no rule is given are not af-
fected by a given interaction. In the case of spin–spin
couplings, the rules for two-spin operators have priority
over the rules for single-spin operators.
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the built-in capabilities of Mathematica to handle
mathematical expressions.

SPIN OPERATORS

In the POMA implementation of the product
operator formalism, a spin operator Ik
 that corre-
sponds to the 
-component of spin k (
 � x, y, z; k �
1, 2, . . .) is represented in the input by spin[k, 
]
and in the output by Xk
, where the letter X can be
set with the command nucleus[k] � X. The initial,
thermal equilibrium state of the spin system before
the application of the first radiofrequency pulse is
normally specified as spin[1, z].

Alternatively, some or all of the spins k � 1, 2, . . .
can be represented in the basis of raising and low-
ering operators [24], Ik� � Ikx � iIky, Ik� � Ikx � iIky

(and Ikz), which are given in the input as spin[k,
plus] and spin[k, minus] and in the output as Xk�

and Xk�, respectively. The product operator rules
that apply to raising/lowering operators are sum-
marized in Figure 2 in analogy to those for Carte-
sian spin operators in Figure 1.

Two operators allow inspection of the density
operator at intermediate points in a pulse sequence:
store[var] stores the current density operator in the
variable with name var, and show[“label”] prints
current density operator below the given label.

A basis change from Cartesian to raising/lower-
ing operators for the spins in the set {k, l, . . .} is
represented by

raiselower[{k,l, . . .}],

and the inverse basis change from raising/lowering
operators to Cartesian spin operators by

cartesian[{k, l, . . . }].

These two commands can be used in a short form
without parameters, cartesian or raiselower, in or-
der to change to the corresponding basis for all
spins in the present density operator.

DELAYS

A delay of time period t, during which the spins
in the set {k, l, . . .} evolve under chemical shifts with
frequencies �k, �l, . . . , and under scalar couplings
Jmn, Jpq, . . . between the spin pairs in the set {mn,
pq, . . .} is represented by

delay[t, {{m, n}, {p, q}, . . . }, {k, l, . . . }].

By default, all spins evolve under chemical shifts,
and no scalar couplings are assumed. A new spin is
normally introduced into the spin system simply
through the presence of a spin–spin coupling with
an existing spin during a delay. The time evolution
during delays is most conveniently expressed by
sine and cosine terms in the case of Cartesian spin
operators (Fig. 1), or by complex exponentials if
raising/lowering operators are used (Fig. 2).
POMA applies the appropriate transformations of
trigonometric factors in conjunction with basis
changes.

RADIOFREQUENCY PULSES

A pulse of flip angle � that acts on the spins in
the set {k, l, . . .} and is phase cycled according to
{�1, �2, . . .} is represented by

pulse[�, {�1, �2, . . . }, {k, l, . . . }].

FIGURE 3. Product Operator formalism in MAth-
ematica (POMA) operators.
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If a flip angle or a phase angle is given as a pure
number, it is assumed to be given in degrees; the
phases � � x, y, �x, �y correspond to phase angles
of 0, 90, 180, and 270°, respectively. If the expres-
sion for a rotation or phase angle is neither a pure
number, as defined by the Mathematica function
NumberQ, nor one of the symbols x, y, �x, �y, it is
assumed to be given in radians. If the phase is
identical in all steps of a phase cycle, {�, �, . . .}, it
can be represented by a single phase �. By default,
a nonselective pulse is assumed; i.e., all spins are
affected by the pulse. Thus, for instance, a hard 90°
x-pulse can be written in shorthand notation as

pulse[90, x].

PULSED FIELD GRADIENTS

Pulsed field gradients are an important feature of
pulse sequences besides the radiofrequency pulses
[6]. The effect of a pulsed field gradient on spin k is
implemented in POMA as a rotation around the
z-axis by an angle � � �kGz that is proportional to
the gyromagnetic ratio, �k, of spin k, the (signed)
gradient strength, G, and the z-coordinate. A gra-
dient acting on all spins is represented in POMA by

gradient[G],

and the gyromagnetic ratio, �k, of spin k by g[k]. Thus,
after the application of a pulsed field gradient, all
transverse magnetization terms will be “dephased,”
i.e., have a dependence on the z-coordinate. Another
gradient of appropriate strength, which is applied
later in the pulse sequence, may refocus part or all of
the originally dephased magnetization. Dephased
magnetization can be discarded from the density op-
erator with the command

dephase

that permanently removes any magnetization terms
that have a dependence on the z-coordinate.

DETECTION

The receiver phase cycle {�1, �2, . . .} is specified
as

receiver[{�1, �2, . . . }].

A receiver phase � is implemented by applying a
pulse of rotation angle �	� around the z-axis to the
product operators present before signal detection,
where 	� is the phase difference with respect to the
x-axis.

The program repeats the calculation for each
individual step of the phase cycle, adds the results,
and normalizes the terms by the length of the phase
cycle. The final result may be screened for the ob-
servable terms, i.e., terms with a single transverse
spin operator, using the command

observable[{k, l, . . . }],

where {k, l, . . .} denotes the set of transverse spins
that are of interest during the detection period; by
default, this includes all spins.

In the simulation of a pulsed NMR experiment,
the Mathematica commands are combined in the
order of the pulse sequence by using the postfix
operator “//” (in Mathematica, x//f has the mean-
ing: “apply the operator f to the expression x”; it is
equivalent to f [x]). This form of expression in Math-
ematica has major benefits for symbolic calculation
[27] and allows the expression of pulse sequences as
Mathematica expressions in a straightforward, nat-
ural way. For example, a pulse sequence with n
pulses, intervening delays, and acquisition,

�1—t1—�2—· · ·—�n—acquisition,

has the POMA representation

pulse[�1, . . . ]//delay[t1, . . . ]//pulse[�2, . . . ]

// . . . //pulse[�n, . . . ]//receiver[ . . . ].

In general, a pulse sequence is applied to the ther-
mal equilibrium state of the spin system, i.e. Ikz, or,
in Mathematica input form, spin[k, z], and at the
end one retains only the observable terms by using
the aforementioned observable operator.

Examples

3QF-COSY EXPERIMENT

As a simple example, we have simulated the
homonuclear 3QF-COSY (triple quantum-filtered
correlation spectroscopy) experiment [3, 28]:
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90°�—t1—90°�—90°x—acquisition�

with the phase cycle � � 0, �/3, 2�/3, �, 4�/3,
5�/3; � � 3(x, �x). In POMA, this experiment is
represented by the following sequence of com-
mands:

spin[1, z]//

pulse [90, {0, Pi/3, 2Pi/3, Pi, 4Pi/3, 5Pi/3}]//

delay [t1, {{1, 2}, {1, 3}}]//

pulse [90, {0, Pi/3, 2Pi/3, 3Pi/3, 4Pi/3, 5Pi/3}]//

pulse [90, {x, x, x, x, x, x}]//

receiver [{x, �x, x, �x, x, �x}]//

observable//Simplify

The experiment starts from thermal equilibrium, all
pulses are nonselective 90° pulses, and during the
delay t1 the spin 1 is scalar coupled to the spins 2
and 3, but the spins 2 and 3 are not mutually scalar
coupled. Simplify is a built-in Mathematica com-
mand for algebraic simplifications [26]. The POMA
result for this pulse sequence is

�sin��1t1�sin��J12t1�sin��J13t1�


 �I1zI2zI3x � I1zI2xI3z � I1xI2zI3z�.

�1 is the resonance frequency of the spin 1. Al-
though the final result is simple, 124 terms had to
be handled after the second pulse, which would
make a manual derivation of this result rather cum-
bersome.

TROSY-HSQC EXPERIMENT

The pulse sequence of the [15N, 1H]-TROSY-
HSQC (transverse relaxation optimized spectro-
scopy–heteronuclear single quantum coherence)
experiment [29] in Figure 4 shows the straightfor-
ward correspondence between the conventional
graphical representation of a pulse sequence and
the equivalent sequence of POMA commands. This
[15N, 1H]-TROSY pulse sequence includes two gra-
dients with relative strengths G and �G�N/�H, re-
spectively, that are chosen such that the mag-
netization of interest is refocused while other,
undesired terms are dephased. The POMA result
for the simulation of this pulse sequence is

� 1
2 sin��2t1 � �J12t1�I1x �

1
2 cos��2t1 � �J12t1�I1y

� sin��2t1 � �J12t1�I1xS2z � cos��2t1 � �J12t1�I1yS2z

when expressed with Cartesian spin operators, and

�
i
4 e�i��2t1��J12t1�I1� �

i
4 ei��2t1��J12t1�I1�

�
i
2 e�i��2t1��J12t1�I1�S2z �

i
2 ei��2t1��J12t1�I1�S2z

when raising/lowering operators are used. �1 and
�2 are the resonance frequency of the spins 1 (I) and
2 (S), respectively.
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FIGURE 4. Product Operator formalism in MAth-
ematica (POMA) simulation of the [15N, 1H]-TROSY
NMR experiment [29]. The conventional schematic rep-
resentation of the pulse sequence is shown on the left,
the corresponding sequence of POMA operators on the
right.
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